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We present two protocols for the single-photon entanglement concentration. With the help of
the 50:50 beam splitter, variable beam splitter and an auxiliary photon, we can concentrate a less-
entangled single-photon state into a maximally single-photon entangled state with some probability.
The first protocol is implemented with linear optics and the second protocol is implemented with
the cross-Kerr nonlinearity. Our two protocols do not need two pairs of entangled states shared
by the two parties, which makes our protocols more economic. Especially, in the second protocol,
with the help of the cross-Kerr nonlinearity, the sophisticated single photon detector is not required.
Moreover, the second protocol can be reused to get higher success probability. All these advantages
may make our protocols useful in the long-distance quantum communication.
PACS numbers: 03.67.Dd, 03.67.Hk, 03.65.Ud
I. INTRODUCTION
Entanglement plays an important role in the current quantum information processing [1, 2]. Most quantum in-
formation protocols such as quantum teleportation [3], quantum dense coding [4], quantum state sharing [5–7] and
other protocols [8–13] need the entanglement to set up the quantum channel. Among all the entanglement forms, the
single-particle entanglement with the form 1√
2
(|0, 1〉AB + |1, 0〉AB) may be the simplest one. Here |0〉 and |1〉 mean
none particle and one particle, respectively, and the subscripts A and B mean different locations. The single-photon
entangled state corresponds to a superposition state in which the single photon is in two different locations A and B.
In 2002, Lombardi et al. reported their experimental results for teleportating a vacuum-one-photon qubit with the
fidelity of 0.953 [14]. In 2005, Chou et al. realized the experiment for observing the entanglement between two atomic
ensembles located in distant, spatially separated set-ups. It is essentially the creation of entanglement by storing the
single-photon entanglement into the atomic-ensemble-based quantum memory [15]. The most important application
of the single-photon entanglement may be the quantum repeater protocol in long-distance quantum communication.
For example, in the well known Duan-Lukin-Cirac-Zoller (DLCZ) repeater protocol [16, 17], with one pair source and
one quantum memory at each location, the quantum repeater can entangle two remote locations A and B. It can be
written as 1√
2
(|e〉A|g〉B + |g〉A|e〉B). The |e〉 and |g〉 represent the excited state and the ground state of the atomic
ensembles, respectively. Recently, Gottesman et al. proposed a protocol for building an interferometric telescope
based on the single-photon entangledstate[18]. With the help of the single-photon entanglement, the protocol has
the potential to eliminate the baseline length limit, and allows in principle the interferometers with arbitrarily long
baselines.
Unfortunately, in the practical transmission, similar to the other types of entanglement, the noisy environment
and the imperfect operation may make the maximally single-photon entangled state degrade into a mixed state or
become a pure less-entangled state. For example, the relative phase between the different spatial modes is sensitive
to the path-length instabilities [19]. It has become an inherent drawback in quantum repeaters which can make the
long-distance quantum communication extremely difficult. In the single-photon entanglement, the sensitive phase
fluctuation cause a phase-flip error on the maximally entangled state, which will make the single-photon entangled
state 1√
2
(|0, 1〉AB + |1, 0〉AB) become 1√
2
(|0, 1〉AB − |1, 0〉AB). In 2008, the group of Gisin proposed an effective
protocol for the purification of single-photon entanglement with linear optics [20], which was realized in experiment
by themselves in 2010 [21]. On the other hand, as pointed out by Ref. [16], as we cannot ensure the pair sources which
are excited by the synchronized classical pumping pulses have the same probability to generate the single photon,
after the entanglement generation, it may also lead the less-entangled state with the form of α|0, 1〉AB + β|1, 0〉AB,
with |α|2 + |β|2 = 1. In the entanglement connection stage, if we use such less-entangled states α|0, 1〉AB + β|1, 0〉AB
and α|0, 1〉CD + β|1, 0〉CD to connect the entanglement with the entanglement swapping, we will obtain the lesser
quality quantum entanglement channel α2|0, 1〉AD + β2|1, 0〉AD[16, 22]. So before entanglement connection, we need
to recover the less-entangled state into the maximally entangled state.
2Entanglement concentration is a powerful way to recover the pure less-entangled state into a maximally entangled
state probabilistically [22–33]. Most entanglement concentration protocols (ECPs) are focused on the two-particle
entanglement, such as the Schimidit projection method [23], the ECP based on the entanglement swapping [24], the
ECP using unitary transformation [25], and the ECPs with linear optics and cross-Kerr nonlinearity [22, 26–30, 32].
In 2009, we have proposed an ECP for single-photon entanglement with the help of cross-Kerr nonlinearity [22]. In
that protocol, after the two parties Alice and Bob pick up the successful case, they should send the photon in the
spatial mode a2b2 to make a collective measurement. Moreover, during each concentration step, they require two
pairs of nonlocal single-photon entanglement states and after the measurement at least one pair of entangled state
can be remained. So it is not strange that the protocol has higher efficiency than others. Though the protocol of Ref.
[22] can reach a higher success probability than the protocol of Ref. [26], it is not an optimal one. The main reason
is that the protocol is not based on the local operation and classical communication (LOCC). On the other hand, in
order to obtain a higher success probability, it requires the phase shift of the coherent state to reach a large value of
pi in the single-photon level. However, natural cross-Kerr nonlinearities are extremely weak, which makes it difficult
to realize the protocol under current experimental conditions [34, 35].
In this paper, we present two efficient ECPs for less-entangled single-photon state with local single photon. Both
protocols only require one less-entangled single-photon state and a conventional single photon. In the first protocol,
we use the linear optical elements to complete the task and it can reach the same success probability as Ref. [26]. In
the second protocol, we adopt the weak cross-Kerr nonlinearity to improve the first ECP. The second protocol can
get a higher success probability as it can be reused to further concentrate the discarded items in the first protocol.
This advantage makes it more feasible than others. Certainly, in order to perform both the protocols successfully, we
should know the initial coefficients α and β to prepare the state of single photon. Actually, in the previous ECPs
in Refs.[25, 30–33], they also need to the initial coefficients. In a practical operation, one can measure the enough
samples to obtain the exact values of α and β [32].
This paper is organized as follows: In Sec. II, we present our first ECP with linear optics. In Sec. III, we describe
the second ECP with weak cross-Kerr nonlinearity. In Sec. IV, we briefly discuss the future experiment, calculate the
total success probability and make a conclusion.
II. SINGLE-PHOTON ENTANGLEMENT CONCENTRATION WITH LINEAR OPTICS
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FIG. 1: A schematic drawing of our single-photon entanglement concentration protocol with linear optics. It is constructed by
a 50:50 beam splitter (BS) and a variable beam splitter (VBS). Alice and Bob share a less-entangled single-photon state in the
mode a1 and b1. Another single photon source emits an auxiliary photon in the mode b2. The BS is located in the middle of
Alice and Bob and it is used to couple the mode a1 and c2. The VBS is used to adjust the coefficients of the entangle state
between the mode a1 and c2, and finally to attain the maximally entangled state.
The basic principle of our first ECP is shown in Fig. 1. We suppose that the single photon source S1 emits a photon
and sends it to Alice and Bob in the spatial modes a1 and b1, which can create a less-entangled single-photon state
|φ1〉a1b1 . |φ1〉a1b1 can be written as
|φ1〉a1b1 = α|1, 0〉a1b1 + β|0, 1〉a1b1 , (1)
3where α and β are the coefficients of the initial entangled state, |α|2 + |β|2 = 1 and α 6= β.
Then another single photon source S2 emits an auxiliary photon and sends it to Bob in the spatial mode b2. Bob
makes this auxiliary photon pass through a variable beam splitter (VBS) with the transmission of t, which can create
another single-photon entangled state between the spatial mode c1 and c2 of the form
|φ2〉c1c2 =
√
1− t|1, 0〉c1c2 +
√
t|0, 1〉c1c2 . (2)
In this way, the state of the whole two-photon system can be written as
|φ〉a1b1c1c2 = |φ1〉a1b1 ⊗ |φ2〉c1c2
= α
√
1− t|1, 0, 1, 0〉a1b1c1c2 + β
√
t|0, 1, 0, 1〉a1b1c1c2
+ α
√
t|1, 0, 0, 1〉a1b1c1c2 + β
√
1− t|0, 1, 1, 0〉a1b1c1c2 . (3)
Then, Alice and Bob make the photons in the spatial modes b1 and c1 enter the 50 : 50 beam splitter (BS), which
can make
bˆ
†
1|0〉 =
1√
2
(dˆ†1|0〉 − dˆ†2|0〉)
cˆ
†
1|0〉 =
1√
2
(dˆ†1|0〉+ dˆ†2|0〉). (4)
Here, the bˆ†j, cˆ
†
j and dˆ
†
j with j = 1, 2 are the creation operators for the spatial mode bj, cj and dj , respectively.
After passing through the BS, the whole two-photon system can evolve to
|φ〉a1d1d2c2 =
α
√
1− t√
2
|1, 1, 0, 0〉a1d1d2c2 +
β
√
t√
2
|0, 1, 0, 1〉a1d1d2c2
+
α
√
1− t√
2
|1, 0, 1, 0〉a1d1d2c2 −
β
√
t√
2
|0, 0, 1, 1〉a1d1d2c2
+ α
√
t|1, 0, 0, 1〉a1d1d2c2 +
β
√
1− t√
2
|0, 2, 0, 0〉a1d1d2c2
− β
√
1− t√
2
|0, 0, 2, 0〉a1d1d2c2 . (5)
According to Eq. (5), it can be easily found that if they pick up the case that the detector D1 clicks exactly one
photon, Eq. (5) will collapse to
|φ〉a1c2 = α
√
1− t|1, 0〉a1c2 + β
√
t|0, 1〉a1c2 , (6)
while if they pick up the case that the detector D2 clicks exactly one photon, Eq. (5) will collapse to
|φ′〉a1c2 = α
√
1− t|1, 0〉a1c2 − β
√
t|0, 1〉a1c2 . (7)
There is only a phase difference between the Eq. (7) and Eq. (6). Alice or Bob only need to perform a phase flip
operation with the help of a half-wave plate, then Eq. (7) can be easily converted to Eq. (6). According to Eq. (6), we
can easily find that if a suitable VBS can be provided, which makes t = α2, Alice and Bob can make the coefficients
α
√
1− t = β√t. In this case, Eq. (6) can evolve to
|Φ〉a1c2 =
1√
2
(|1, 0〉a1c2 + |0, 1〉a1c2). (8)
It is obvious that Eq. (8) is the maximally entangled state between the modes a1 and c2. That is to say, in the
protocol, with the help of the Bell measurement and the suitable VBS with the transmission t = α2, Alice and Bob
can distill a maximally single-photon entangled state from the arbitrary less-entangled single-photon state, with the
success probability of 2|αβ|2.
III. SINGLE-PHOTON ENTANGLEMENT CONCENTRATION WITH WEAK CROSS-KERR
NONLINEARITY
So far, we have explained the first ECP with linear optics. According to the measurement results of the detectors,
they can ultimately obtain the maximally entangled state. However, the whole protocol is not an optimal one. In
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mode into the BS1 or BS2 according to the different phase shift. The VBS is used to adjust the coefficients of the entangle
state between the mode a1 and c2, and finally to attain the maximally entangled state.
our second ECP, we adopt the cross-Kerr nonlinearity to complete the task. We will prove that this ECP can be
repeated to obtain a higher success probability. Before explaining our ECP, we would like to briefly introduce the
cross-Kerr nonlinearity. The cross-Kerr nonlinearity has been widely studied in the quantum information field, such
as the quantum state preparation and detection [36], the implementation of quantum logic gates [37, 38], Bell-state
analysis [39, 40], and so on [41–51]. The cross-Kerr nonlinearity can be usually described with its Hamiltonian [37]
Hck = ~χnˆanˆb, (9)
where ~χ is the coupling strength of the nonlinearity, which depends on the cross-Kerr-material. nˆa and nˆb are the
photon number operators for the mode a and mode b. In the practical application, a coherent beam in the state αp
and a single photon with the form |ψ〉 = γ|0〉+ δ|1〉 interact with the cross-Kerr material. After the interaction, the
system can evolve to
Uck|ψ|α〉 = (γ|0〉+ δ|1〉)|α〉 → γ|0〉|α〉+ δ|1〉|αeiθ〉. (10)
Here, |0〉 and |1〉 mean none photon and one photon, respectively. θ = χt, and t means the interaction time for the
signal with the nonlinear material. According to Eq. (10), we can find that the phase shift of the coherent state is
directly proportional to the photon number.
As shown in Fig. 2, in our second single-photon ECP, we introduce the weak cross-Kerr nonlinearity to construct the
quantum nondemolition detector (QND). As described in Section. II, with the help of the VBS, the whole two-photon
system can be described by the Eq. (3). Then, Bob makes the photons in the spatial modes b1 and c1 pass through
the QND. After the homodyne measurement, the whole two-photon system combined with the coherent state can be
written as
|φ1〉a1b1 ⊗ |φ2〉c1c2 ⊗ |α〉 → α
√
1− t|1, 0, 1, 0〉a1b1c1c2 |αe−iθ〉
+ β
√
t|0, 1, 0, 1〉a1b1c1c2 |αeiθ〉+ α
√
t|1, 0, 0, 1〉a1b1c1c2 |α〉
+ β
√
1− t|0, 1, 1, 0〉a1b1c1c2 |α〉. (11)
It can be seen that the items α
√
1− t|1, 0, 1, 0〉a1b1c1c2 and β
√
t|0, 1, 0, 1〉a1b1c1c2 can lead the coherent state pick up
the phase shift of −θ and θ, respectively, while both the items α√t|1, 0, 0, 1〉a1b1c1c2 and β
√
1− t|0, 1, 1, 0〉a1b1c1c2 lead
coherent state pick up no phase shift. As in the practical measurement, the phase shift −θ and θ are undistinguishable
[37], Alice and Bob only need to select the items corresponding to the phase shift θ(-θ) and discard the other items.
Then the Eq. (11) will evolve to
|ψ1〉a1b1c1c2 = α
√
1− t|1, 0, 1, 0〉a1b1c1c2 + β
√
t|0, 1, 0, 1〉a1b1c1c2 , (12)
with the success probability of 2|αβ|2. Then with the help of the optical switch (OS), Bob still makes the photons in
5the spatial mode c1 and b1 pass though the 50 : 50 beam splitter, here named BS1, which can make
cˆ
†
1|0〉 =
1√
2
(dˆ†1|0〉 − dˆ†2|0〉)
bˆ
†
1|0〉 =
1√
2
(dˆ†1|0〉+ dˆ†2|0〉). (13)
After the BS1, the two-photon system can be described as
|ψ1〉a1d1d2c2 =
α
√
1− t√
2
|1, 1, 0, 0〉a1d1d2c2 +
β
√
t√
2
|0, 1, 0, 1〉a1d1d2c2
+
α
√
1− t√
2
|1, 0, 1, 0〉a1d1d2c2 −
β
√
t√
2
|0, 0, 1, 1〉a1d1d2c2 . (14)
It can be found that if the detector D1 fires, Eq. (12) will collapse to Eq. (6), while if the detector D2 fires, Eq. (12)
will collapse to Eq. (7). There is only a phase difference between Eq. (6) and Eq. (7), and Eq. (7) can be converted
to Eq. (6) by the phase flip operation. Then, similar to Section. II, if they can find a suitable VBS, which makes
t = α2, Eq. (6) can evolve to Eq. (8). That is to say, Alice and Bob can distill the maximally single-photon entangled
state from the arbitrary less-entangled single-photon state, with the probability P1=2|αβ|2. Interestingly, it can be
found when t = α2, the discarded items which make the coherent state pick up no phase shift can be rewritten as
|ψ2〉a1b1c1c2 = α2|1, 0, 0, 1〉a1b1c1c2 + β2|0, 1, 1, 0〉a1b1c1c2 , (15)
with the probability of |α|4+ |β|4. Then Bob uses the OS to make photons in the spatial modes c1 and c2 pass through
another 50 : 50 beam splitter, here named BS2, which makes
cˆ
†
1|0〉 =
1√
2
(eˆ†1|0〉 − eˆ†2|0〉)
cˆ
†
2|0〉 =
1√
2
(eˆ†1|0〉+ eˆ†2|0〉). (16)
After the BS2, the discarded items can evolve to
|ψ′2〉a1b1e1e2 = α2|1, 0, 1, 0〉a1b1e1e2 + β2|0, 1, 1, 0〉a1b1e1e2
+ α2|1, 0, 0, 1〉a1b1e1e2 − β2|0, 1, 0, 1〉a1b1e1e2 . (17)
We can easily find if the detector E1 fires, the Eq. (15) will collapse to
|ψ2〉a1b1 = α2|1, 0〉a1b1 + β2|0, 1〉a1b1 , (18)
while if the detector E2 fires, the Eq. (15) will collapse to
|ψ′2〉a1b1 = α2|1, 0〉a1b1 − β2|0, 1〉a1b1 . (19)
Eq. (19) can be easily converted to Eq. (18) by the phase flip operation. Comparing with the Eq. (1), we can find
that Eq. (18) has the similar form of Eq. (1). That is to say, Eq. (18) is a new less-entangled single-photon state and
can be reconcentrated for the next round. In the second round of concentration, the single photon source also emits
a photon and sends it to Bob. By making the photon pass through the VBS, we can create a new entangled single
photon state with the form in Eq. (2). Then the whole two-photon system can be written as
|φ′〉a1b1c1c2 = |ψ2〉a1b1 ⊗ |φ〉c1c2
= α2
√
1− t|1, 0, 1, 0〉a1b1c1c2 + β2
√
t|0, 1, 0, 1〉a1b1c1c2
+ α2
√
t|1, 0, 0, 1〉a1b1c1c2 + β2
√
1− t|0, 1, 1, 0〉a1b1c1c2 . (20)
According to the concentration step in the first concentration round, Bob makes the photons in the spatial modes
b1 and c1 pass through the QND, and selects the items which make the coherent state pick up θ. Then the Eq. (20)
can collapse to
|φ′1〉a1b1c1c2 = α2
√
1− t|1, 0, 1, 0〉a1b1c1c2 + β2
√
t|0, 1, 0, 1〉a1b1c1c2 , (21)
with the probability of P2 =
2|αβ|4
|α|4+|β|4 , where the subscript ”2” means in the second concentration round.
6Then, by making the photons in the spatial modes b1 and c1 passing through the BS1, Eq. (21) can ultimately
collapse to
|ψ〉a1c2 = α2
√
1− t|1, 0〉a1c2 + β2
√
t|0, 1〉a1c2 . (22)
Here, Bob only needs to choose another suitable VBS, which makes t2 =
|α|4
|α|4+|β|4 , where the subscript ’2’ means in
the second concentration round. Eq. (22) can evolve to Eq. (8), which is the maximally single-photon entangled
state. So far, we have succeeded to distill the maximally single-photon entangled state in the second concentration
round, with the probability of P2 =
2|αβ|4
|α|4+|β|4 . Moreover, after making the photons in the modes c1 and c2 passing
through BS2, the discarded items in the second concentration round can evolve to
|ψ3〉a1b1 = α4|1, 0〉a1b1 + β4|0, 1〉a1b1 , (23)
which can be reconcentrated in the third round. Therefore, it can be seen that by choosing the suitable VBS with the
transmission tN =
|α|2N
|α|2N+|β|2N , where the subscript ”N” means the iteration number, the ECP can be used repeatedly
to distill the maximally single-photon entangled state from the less-entangled single-photon state.
IV. DISCUSSION AND SUMMARY
By far, we have presented two efficient ECPs for distilling the maximally entangled single-photon state from the
less-entangled state. Interestingly, in these protocols, only one pair of nonlocal less-entangled single-photon state has
to be shared by the two parties, while the auxiliary single photon is local. In Ref. [22], in each concentration step, two
pairs of less-entangled single-photon states have to be shared. As the nonlocal entanglement sources are expensive,
our protocols are more economic. Our first protocol is based on the linear optics, which can be realized in current
experimental condition. In our protocols, the VBS is the key element to perform the both protocols. We need to
adjust the transmission and reflection coefficients of the VBS according to the initial less-entangled state. In our
second protocol, in order to repeat this ECP, we also should choose different VBS in each concentration step. The
VBS is a common linear optical element in current technology. Recently, Osorio et al. reported their results about
heralded photon amplification for quantum communication with the help of the VBS [52]. They used their setup to
increase the probability ηt of the single photon |1〉 from a mixed state ηt|1〉〈1| + (1 − ηt)|0〉〈0|. In their experiment,
they adjust the splitting ratio of VBS from 50:50 to 90:10 to increase the visibility from 46.7 ± 3.1% to 96.3 ± 3.8%.
In both ECPs, the processing of the photons passing through the BS is essentially the Hong-Ou-Mandel (HOM)
interference. So the two photons should be indistinguishable in every degree of freedom. In Ref. [52], they have
measured the HOM interference on each BSs. Their experimental results for each BSs are 93.4 ±5.9% and 92.1 ±
5.7%, respectively. In the first protocol, the sophisticated single photon detectors are required to exactly distinguish the
single photon in each output modes. Current available detectors are InGaAs/InP avalanche photodiodes. Fortunately,
available single photon detector with 10% efficiency, 3 KHz noise and 20 µs dead time in free running are suitable
for experiment. In fact, the setup of our first ECP is quite analogy with the theoretical setup in Ref.[52]. In their
setup, they choose the VBS with t > 1
2
to realize the photon amplification while we choose t = α2 to complete the
concentration. Therefore, their experimental setup can also be used to perform our first ECP by choosing different
VBSs.
In the second ECP, the most important element is the cross-Kerr nonlinearity. In the practical applications, the
cross-Kerr nonlinearity has been regarded as a controversial topic for a long time [53–55], for during the homodyne
detection process, decoherence is inevitable, which may lead the qubit states degrade to the mixed states [56, 57].
Meanwhile, the natural cross-Kerr nonlinearity is extremely weak so that it is difficult to determine the phase shift due
to the impossible discrimination of two overlapping coherent states in homodyne detection [58]. Fortunately, according
to Ref. [56], we can make the decoherence extremely weak, simply by an arbitrary strong coherent state associated
with a displacement D(−α) performed on the coherent state. Moreover, several theoretical works have proved that
with the help of weak measurement, it is possible for the phase shift to reach an observable value [45, 46, 59, 60].
Finally, it is interesting to calculate the total success probability of the second ECP. According to the concentration
7steps in Sec.III, we can obtain the success probability in each concentration round, which can be written as
P1 = 2|αβ|2,
P2 =
2|αβ|4
|α|4 + |β|4 ,
P3 =
2|αβ|8
(|α|4 + |β|4)(|α|8 + |β|8) ,
P4 =
2|αβ|16
(|α|4 + |β|4)(|α|8 + |β|8)(|α|16 + |β|16) ,
· · · · · ·
PN =
2|αβ|2N
(|α|4 + |β|4)(|α|8 + |β|8) · · · (|α|2N + |β|2N )2 . (24)
FIG. 3: The success probability (Ptotal) for obtaining a maximally single-photon entangled state after the concentration protocol
being operated for N times. For numerical simulation, we choose N = 10. It can be seen that the value of Ptotal largely depends
on the initial coefficient α. When α = 1√
2
, Ptotal reaches the maximum as 1.
In theory, the second ECP can be reused indefinitely, the total success probability for distilling the maximally
single-photon entangled state from the less-entangled single-photon state equals the sum of the success probability in
each concentration round.
Ptotal = P1 + P2 + · · ·PN =
∞∑
N=1
PN . (25)
According to Eq. (24), we can find that if the original state is the maximally single-photon entangled state, where
α = β = 1√
2
, the probability Ptotal =
1
2
+ 1
4
+ 1
8
+ · · · 1
2N
+ · · · = 1, while if the original state is the less-entangled
single-photon state, where α 6= β, the Ptotal < 1. Here, we choose N = 10 as a proper approximation and calculate
the value of Ptotal in different original entanglement coefficient. Fig. 3 shows the value of Ptotal as a function of the
entanglement coefficient α. It can be found that Ptotal largely depends on the original entanglement state. The main
reason is that this ECP is based on the LOCC. It is well known that the LOCC cannot increase the entanglement.
Therefore, the essence of the entanglement concentration is the entanglement transformation. The entanglement of
the concentrated state comes from the initial less-entangled state. If the entanglement of the initial less-entangled
state is low, the total success probability for obtaining the maximally entangled state is also small.
In conclusion, we have put forward two efficient ECPs for distilling the maximally single-photon entangled state
with an auxiliary single photon. In these two ECPs, the auxiliary photon is only possessed by Bob. Bob can operate all
the concentration steps alone and tell Alice the measurement results, which can simplify the experimental operation
largely. The first ECP is with the linear optics and can be realized in current experimental conditions. In this
ECP, with the help of Bell measurement, we can obtain the maximally single-photon entangled state with the success
probability of P = 2|αβ|2. In the second ECP, the weak cross-Kerr nonlinearity is used to complete the nondestructive
photon number detection. Comparing with other ECPs, the second ECP has several advantages: first, it does not
8require the sophisticated single photon detectors, ordinary photon detectors can also achieve this protocol; second,
after the photon number detection, the photons can be remained for the next step; third, by choosing suitable VBS,
the second ECP can be used repeatedly to get a higher success probability; forth, only Bob needs to operate the
whole step. Therefore, our ECPs, especially the second ECP may be useful and convenient in the current quantum
information processing.
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